POSITIVE OPERATORS AND MAXIMAL OPERATORS IN A FILTERED 

MEASURE SPACE 



HITOSHI TANAKA AND YUTAKA TERASAWA 



Abstract. In a filtered measure space, a characterization of weights for which the trace 
inequality of a positive operator holds is given by the use of discrete Wolff's potential. A 
refinement of the Carleson embedding theorem is also introduced. Sawyer type characteri- 
zation of weights for which a two-weight norm inequality for a generalized Doob's maximal 
operator holds is established by an application of our Carleson embedding theorem. More- 
over, Hytonen-Perez type one- weight norm estimate for Doob's maximal operator is obtained 
by the use of our two- weight characterization. 



1. Introduction 

Weighted Norm Inequalities in Harmonic analysis is an old subject whose systematic inves- 
tigation was initiated by [3S], [S] and [35] etc.. A classical reference in the field is |12) . 

Dyadic Harmonic Analysis has recently acquired a renewed attention because of its wide 
applicability to Classical Harmonic Analysis, including weighted norm inequalities. Petermichl 
P5] and Nazarov-Treil-Volberg [i^ were cornerstone works, whose investigations have been 
continued by many authors. This subject is also old, which can be found in [33] and [TT] etc.. 
For more complete references, we refer to the bibliographies of [30] and |31) . 

Two of the important topics in the intersection of these subjects are to get sharp one- 
weight estimates of usual operators in Classical Harmonic Analysis and to get necessary and 
sufficient conditions of weights for the boundedness of those operators in the two- weight setting. 
Interestingly, these two topics are closely related. One way to attack these problems is a dyadic 
discretization technique. For the first problem, one of the important steps of a solution is 
getting a sharp one-weight estimate for a dyadic discretization of a singular integral operator, 
i.e., a generalized Haar shift operator. A sharp one- weight estimate of general singular integral 
operators, i.e., the A2-conjecture, which has been an open problem in this field for a long time, 
was settled by Hytonen |16| along this line and its simpler proofs were found by several authors 
(cf. [minS] etc.). For (linear) positive operators, one example of which is a fractional integral 
operator, investigations along this line was done by several authors [301 SHI SZl [Ml 131 and 
more recently by [351 [331 dOl I2Z1 |S3] . For the Hardy-Littlewood maximal operator (including a 
fractional maximal operator) , Sawyer [44) got a two- weight characterization by considering the 
dyadic Hardy-Littlewood (fractional) maximal operator. Recently, using similar techniques, the 
sharp weighted estimates of the Hardy-Littlewood (fractional) maximal operator is established 
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in the works [Ml UHl US] : which are continuations of the work of Buckley [2] . For a survey 
of these developments, we refer to [32], [T5] and |T5]. 

On the other hand, Martingale Harmonic Analysis is a subject which has also been well 
studied. Doob's maximal operator, which is a generalization of the dyadic Hardy-Littlewood 
maximal operator, and a martingale transform, which is an analogue of a singular integral 
in Classical Harmonic Analysis, are important tools in stochastic analysis. This field is called 
Martingale Harmonic Analysis and is well explained in the books by Dellacherie and Meyer [1^ , 
Long ^36j and Kazamaki [28j . For Doob's maximal operator, one- weight estimate was studied 
first by Izumisawa and Kazamaki [24], assuming some regularity condition on Ap weights. Later, 
Jawerth [55] found that the added property is superfluous (see Remark 14.61 below) . For two- 
weight norm inequalities, the first study is done by Uchiyama [50) . concerning necessary and 
sufficient condition of weights for weak type {p,p) inequalities to hold. Concerning strong (p, q) 
type inequalities. Long and Peng |37] found necessary and sufficient conditions for weights, 
which is the analogous to Sawyer's condition for the boundedness of the Hardy-Littlewood 
maximal operator. There is also a recent work by Chen and Liu [7] on this topic. For positive 
operators, there seems no work done in a filtered probability space or in a filtered measure 
space and we shall try to generalize the results in the Euclidean space of the weighted estimate 
for dyadic positive operators to those in a martingale setting. (For fractional integral operators 
in a martingale setting, there is a recent work by Nakai and Sadasue [4T].) 

The study of a boundedness property of positive operators and maximal operators is closely 
related to the Carleson embedding (or measure) theorem, which is a martingale analogue of 
the Carleson embedding theorem of a Hardy space into a weighted Lebesgue space. In the 
dyadic setting in the Euclidean space, this coincides with the Dyadic Carleson embedding 
theorem. The Carleson measure in a continuously filtered probability space was first introduced 
by Aral [1 with an application to the corona theorem on Complex Brownian Spaces. This was 
rediscovered later by Long |36j in a discrete case, with an application to a characterization of 
BMO martingales. 

Since a dyadic martingale is a special martingale in many ways, it might be useful to see 
which part of the theory of Dyadic Harmonic Analysis can be generalized to that of Martingale 
Harmonic Analysis, and which part is special to Dyadic Harmonic Analysis. Our contributions 
can be regarded as such an attempt. We also expect that such results have some applications 
to stochastic analysis and analysis on metric spaces. 

The purpose of this paper is to develop a theory of weights for positive operators and gen- 
eralized Doob's maximal operators in a filtered measure space. Martingale Harmonic Analysis 
in a filtered (infinite) measure space is treated in [49l |48l [17] [29l [20]. In this contribution, 
we generalize the results of dyadic positive operators in the Euclidean space 00] |46l H] [5] to 
a filtered measure space. The generalization of the results in [33^ or [53 to our setting seems 
difficult, since they use arguments related to an inclusion of cubes extensively. We also in- 
vestigate a necessary and sufficient condition of weights for a two-weight norm inequality of 
generalized Doob's maximal operator in a filtered measure space which are generalization of 
both dyadic Hardy-Littlewood maximal operator and dyadic fractional maximal operator. To 
state our main theorem, let us introduce some notations and terminologies, most of which are 
standard (cf. [TT]). 

Let a triplet (17,7^, /i) be a measure space. Denote by the collection of sets in F with 
finite measure. The measure space (51, J^, /i) is called cr-finite if there exist sets Ei e J^" such 
that Ui^o Ei = n,. In this paper all measure spaces are assumed to be cr-finite. Let A C J-^ be 
an arbitrary subset of 7-"°. An 7^- measurable function / : f2 — > R is called „4-integrable if it is 
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integrable on all sets of A, i.e., 

IeI e L\T,ti) for all E & A. 
Denote the collection of all such functions by L\{J^^ii). 

li Q <Z F \s another cr-algebra, it is called a sub-cr-algebra of F. A function g e Lga{Q,ii) is 
called the conditional expectation of / G Lgo {F, fi) with respect to Q if there holds 



fdfi = / gdfi for aU G £ . 

G Jg 

The conditional expectation of / with respect to Q will be denoted by E[f\Q], which exists 
uniquely in LgoiQ, m) due to cr-finiteness of {ft, Q, /i). 

A family of sub-a-algebras {J-'i)i^z is called a filtration of J- ii F C J-j C F whenever i^j ^2, 
and i < j. We call a quadruplet {n,T,fi; {Fi)i(zi) a cr-finite filtered measure space. We write 

C■.= {~]L\,„{T,^i). 

Notice that L^o {F, /i) D {F, ji) whenever i < j. For a function / G £ we will denote E[f\Fi] 
by fi/. By the tower rule of conditional expectations, a family of functions £if g L^„{J-'i, ^) 
becomes a martingale, (see Definition 12.11 below) . 

By a weight we mean a nonnegative function which belongs to C and, by a convention, we 
will denote the set of all weights by 

Let ai, i S Z, be a nonnegative bounded 7^,; -measurable function and set a = (ai). For a 
function / G i2 we define a positive operator Ta by 

and, define a generalized Doob's maximal operator Mq by 

Maf := supai\£if\. 

iei, 

When a = (In) this is Doob's maximal operator and we will write then Maf =: /*. 

In this paper we shall first investigate the characterization of the weight w G for which 
the trace inequality for the discrete positive operator Ta 

(1-1) WTafh 

holds with < 5 < oo and 1 < p < oo. 

In order to guess what the sufficient condition for (|l.ip to hold is, we argue heuristically in 
the following. We now assume that the inequality (|l.ip holds for 1 < p < g < cxd. Then, since 
the conditional expectation operators are selfadjoint, by duality there holds 

(1-2) ro(5u;)||^,,(,^) <C||5lL,'(„rf^), 

where p' — is the conjugate exponent number of p. Following a principle of the weight 

theory, due to Sawyer '45 , to verify (jl.ip it might suffice only to test (|l.ip and (|1.2p over the 
characteristic functions 1^;. More precisely, one can expect that, the condition that 



(1.3) / VaJ wd^i\ <Cfi{E)-p 
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and 



(1.4) 



( r ( y' Y 




for any E G i G Z, is sufficient for the inequafity ()1.2p to hold. This fact was verified for 
positive operators associated the dyadic lattices in R" (33j (and also [55]). 

For some technical reasons, instead of the condition (|1.3p . we must postulate the following 
strong condition (|1.5p and then we shall prove that the condition (|1.4p is sufficient for the 
inequality (jl.2p to hold (cf. [30l in the Euclidean space case). 

The function a,; , i G Z, is a nonnegative bounded J^i-measurable and oli G , 
where Ui := aj. Moreover, 

j>i 

(1.5) SiCti w ai. 



Theorem 1.1. Let 1 < p < q < oo, a satisfy the condition (jl.Sp and w G be a weight. 
Then the following statements are equivalent: 

(a) There exists a constant Ci > such that 



for any E G , i G Z. 
Moreover, the least possible Ci and C2 are equivalent. 

In their papers [3] and [5], Cascante, Ortega and Verbitsky established the characterization 
the weight w for which the inequality (jl.ip holds for < q < p < 00 and 1 < p < cx) in terms of 
discrete Wolff's potential in the cases when discrete positive integral operators are associated 
to the dyadic cubes in R". The following theorem is an extension of their results to a filtered 
measure space, (cf. [5T1[52] in the Euclidean space). Our condition (|1.5p corresponds to "the 
dyadic logarithmic bounded oscillation condition" introduced in [?]. 

Theorem 1.2. Let a satisfy the condition (II. 5p . w G £^ be a weight and consider the following 
.statements: 

(a) There exists a constant Ci > such that 



holds. 



\\Taf\\L<t{wdij.) < C'l||/llLP(d/i); 

(b) There exists a constant C2 > such that 




\\Taf\\L<t{wd^J.) < C'l||/llLP(dAt); 

(b) There exists a constant C2 > such that, for — = , 

r q p 



||(W„H)p' WL-iwdt.) < C2, 



where 
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is discrete Wolff's potential in a filtered measure space. 

Then, ifO<q<p<oo and 1 < p < oo, (b) implies (a) with Ci < CC2. Conversely, if 
I < q < p < 00, (a) implies (b) with C2 < CCi. 

Remark 1.3. In 5 , in the cases when discrete positive integral operators are associated to 
the dyadic cubes in R", Cascante, Ortega and Verbitsky proved the equivalence between (a) 
and (b) in the full range < q < p < oo and 1 < p < oo. 

Thanks to a powerful lemma (Lemma l2. 31 below*) and the condition (|1.5p . the proof of Theo- 
rems [TTT] and [T21 can be reduced to the Carleson embedding (or measure) theorem. In Section 
[3] we shall investigate that theorem in the setting of a filtered measure space (see Theorems 
13.11 and 13. 5p . In Section SI as an application of that theorem, we establish the analogue of 
Sawyer type characterization of weights for which two-weight norm inequality for the gener- 
alized Doob's maximal operator Ma holds (see Theorem 14. In Section [5] we also establish 
Hytonen-Perez type one-weight norm estimate for Doob's maximal operator /* (see Theorem 

lO). 

Finally, we would like to comment on our weight class 

Remark 1.4. Let (il, J^, /i; (J^i)igz) be a cr-finite filtered measure space. Then, it naturally 
contains a filtered probability space with a filtration indexed by N and a Euclidean space 
with a dyadic filtration. It also contains doubling metric measure space with dyadic lattice 
constructed by Hytonen and Kairema [I9]. Our weight class coincides with a set of all 
locally integrable weights in the case of the Euclidean space with a Lebesgue measure with a 
dyadic filtration. Since the dyadic Ap weights in Euclidean space are locally integrable, it seems 
natural to introduce the class . We could not find this class of weights in a filtered measure 
space in the literatures. We notice that the class L^o{^, A*) used in several literatures does not 
include functions which grows at spacial infinity in the Euclidean space with J- a cr-algebra of 
the Lebesgue measurable sets and fi a Lebesgue measure. 

The letter C will be used for constants that may change from one occurrence to another. 
Constants with subscripts, such as Ci, C2, do not change in different occurrences. By A B 
we mean that c~^B < A < cB with some positive constant c independent of appropriate 
quantities. 

2. Proof of Theorems 1.1 and 1.2 

In what follows we prove Theorems 11.11 and 11.21 We first list two basic properties of the 
conditional expectation and the definition of a martingale. 

Let (51, ji) be a cr-finite measure space and C/ be a sub-cr-algebra of J-. Then the following 
holds. 

(i) Let / G Lgo {J-, /x) and 5 be a C/-measurable function. Then the two conditions 
fg € Lgo{J^,fJ') and gE[f\Q] £ LgQ{Q,fi) are equivalent and, assuming one of these 
conditions, we have 

E[fg\g]=gE[f\g]; 

(ii) Let /i,/2 G igo(-7^, m)- Then the three conditions 

E[fi\g]f2 e 4o(^,m), E[h\g]E[f2\g] e Llo{g,^l) and fiE[f2\g] e Llo{g,^i) 

are all equivalent and, assuming one of these conditions, we have 

E[E[h\g]f2\g] = E[Mg]E[f2\g] = E[hE[f2\g]\g]. 
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(iii) Let Qi C G2 (c J-) be two sub-cr-algebras of and let / G Lgo[F,fi). Then 



E[f\g^] = E[E[f\g2]\gi]. 



(i) can be proved by an approximation by simple functions. The property (ii) means that 
conditional expectation operators are selfadjoint and can be easily deduced from (i). (iii) can 
be proved easily and called the tower rule of conditional expectations. 

Definition 2.1. Let (fi, 7^, /i; (J^i)^^^) be a a-finitc filtered measure space. Let (/i)igz be a 
sequence of J-i-measurable functions. Then the sequence (/i)igz is called a "martingale" if 
fi e L'}j-o{J^i, fJ-) and fi = Eifj whenever i < j. 

We also introduce the notion of a stopping time for later uses. 

Definition 2.2. Let (fi, J^, /j,; (J^i)igz) be a cr-finitc filtered measure space. Then a function 
T : VL ^ {~oo} U Z U {+CX}} is called a stopping time if for any i S Z 



Let fi, i € Tj, he an J^i-measurable function and let A G M. Then, it is easy to see that 
T := inf{i : /; > A} is a stopping time. All the stopping times we will use are of this type. 

Next we will state a principal lemma which plays a key role in the proof of Theorems 11.11 
andO 



2.1. Principal lemma. The following is the principal lemma, which is an extension of [H 
Theorem 2.1] to a filtered measure space. 

Lemma 2.3. Let ai, i ^ "L, be a nonnegative bounded J- i -measurable function, let s > 1 and 
w G be a weight. Then the following quantities are equivalent: 



Proof. By a standard limiting argument, we may assume without loss of generality that there 
are only a finite number of ai 7^ and w is bounded and summable. 

(i) We prove Ai < CA2. We use an elementary inequality 



{t < i} = {uj E ft : t{uj) < i} G J^i. 




where ai : 




(2.1) 
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where (aj)igz is a sequence of summable nonnegative reals. First, we verify the simple case 
1 < s < 2. It follows from (HHI) that 



I \j>i J 

= £i£i{(^iw) ^^£j{ajw) dfi 

= s / £i{aiw)£i 



where we have used the fact that conditional expectation operators are selfadjoint. We notice 
that s — 1 < 1. From Jensen's inequality and the tower rule of conditional expectations, 



i \j>i 



''^^£i£j{ajw) dfj, 



Next, we prove the case s > 2. Let k = \s — 2] be the smallest integer greater than s — 2. 
Applying (|2.ip (fc + l)-times, we have 

< s(s - 1) • • • (s - fc) 

/ £^„{o^^„w)£^,{a^,w)■■■£^^{a^^w) iY£j{ajW) 



-fc-1 



dfj,. 



ik>--->il>io ' 



Since £ig{aigw)£i-^{ai-^'w) ■ ■ ■ £i^{aif,w) becomes an J-^;^ -measurable function, the integral of the 
right-hand sides is equals to 



s-k-l 



£^k [£^o{a^aU})£^Aa^lW) ■ ■ ■ £^k{a^^w)] ( ^^^(ajU;) 



dfi 



\j>ik 



dfi 



< / ^^Qi'^^Qw)£^,ia^^w)■■■£^Ja^^w){£^^{ai^w)y ^dfi, 

Jn 

where we have used 0<s — k — 1<1. This yields 



dfi. 
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Holder's inequality with exponent — h - — = 1 gives 

s — 1 s — 1 



i \ i J \ i ) 

and, hence, 



Holder's inequality with the same exponent gives 







n 





Thus, we obtain 



This impUes Ax < CA^. 

(ii) We prove A-i < CA3. It follows that 



A2= 'S2ai£iW {£i{aiw)y ^ d/j. 

< J i^^^^ai£iW^ i^sup £j{ajw)^ dji. 



Holder's inequality gives 

A2 < A{Af . 

Since we have had Ax < CA2, we obtain 

A2<CAlAt, 

and A2 < CA3. 

(iii) We prove As < CAx- It follows that 



= j ^supfi(ajw)^ djj, 

< < s\ip£i y^ajw > dfj, 

' V y J 

C J ciiW^ dfj, 



< 

= CAx, 

where we have used s > 1 and Doob's maximal inequality. This completes the proof. 
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2.2. Proof of Theorem 1.1. Without loss of generality we may assume that / is a nonnegative 
function. By duality (a) is equivalent to 

(2.2) \\Ta{9w)\\L.'(^a^.)<C\\g\\^,>^^,i^y 
It follows from Lemma [2^ that 



Jn j 

~ / y^a^af (fi(.gw))^ d^, 
Jn .- 



where we have used the condition (11.5 



We denote £^ f by the conditional expectation of / with respect to Ti, wdjj, in place of d/x. 
We now claim that there holds 

— ? = £t 9- 



Indeed, by a simple limiting argument, if necessary, we can assume that g is a bounded function. 
Then, since is an J^i-measurable function and belongs to for any E E J^i, 



— wdfi = ti [ — wdfi 

E tiW Je \ £iW J 

— ^-£i'wdii= [ £i{gw) d^i = ( gwd^i. 
E ^iU) Je Je 



This claim yields 

where ai := a^af Thus, ()2.2p is equivalent to 

(2.3) [ j Y.a,{£,wf'{£T9Y' dX < 



By the Carleson embedding theorem fCorollarv l3.4l below). (|2.3p is equivalent to the statement 
that there exists a constant C > such that 



(2.4) / ^aj{£jwY' d^i < C[wdii]{E)7 
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holds for any E G , i E Z. From the condition (|1.5p and Lemma \2.'M there holds 



J E 

J E 



Hence, <\2A^ is equivalent to 



Then we finish the proof. □ 

2.3. Proof of Theorem 1.2. We need another lemma. 

Lemma 2.4. Let \ < p < oo, a satisfy the condition p.Sp and w be a weight. Then 

\\Taf\\LP{vdfj.) < C\\f\\LP{dfj.), 

where 



Proof. We need only verify that the weight v fulfill \2.A\ with q = p. It suffices to show that 
there exists a constant C > such that 



J2 ajiSjvf dn < C[vdn]{E) 



holds for any E G J-f, i G Z, where aj = ajo^ ^. 
By conditional Holder's inequality we see that 



w 



1 



We let aj 



for j < i, 

1 gOj for J > i. 
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This implies 



J E 



j>i 



p'-i. 



< C 



— d^,^C[vd^A{E), 



,E No- 
where we have used the condition (jl.Sp . This is our desired inequahty. 



□ 



Proof of (h) ^ f'aj. Recall that in this case 0<(7<p<oo, l<p<oo and i = i — i. 

r q p 

Holder's inequality gives 

j_ 1^ 

< \\m[w]y\\Lr^^od^.)\\To.f{W^[w])-^\\LHwd^.) 

< C\\Wa[w]p' \\L'-{wdt,)\\f\\LP{wdt,): 

where in the last inequality we have used Lemma 12.41 □ 

Proof of (a) (b). Recall now that 1 < q < oo and — = . Our standing assumption 

r q p 

is that (|2.3p holds. Then the statement (b) is also a consequence of the Carleson embedding 

theorem fCoroUarv 13.61 below) . □ 



3. Carleson embedding theorem 



In this section we will discuss the well-known Carleson embedding theorem in a filtered 
measure space. The Carleson embedding theorem proved here is a refinement of several previous 
results which are generalizations of the classical Carleson embedding theorem. The related 
works we would like to mention are [29l [TJ |36l |3l [13] . 

Kemppainen [29] treats the Carleson embedding theorem in cr-finite filtered measure space. 
His result corresponds to the case p = 2 of Corollary 13.41 below. Although his argument can 
be adapted to our situation, our assumptions about a filtered measure space is weaker than 
his and we also treat not only weighted measure but also general measure for the Carleson 
measure. Treating p ^ q case is also new compared with his result. Related results which 
treats a vector- valued case are in [TH [551 [10] ■ 

Aral [1] treats the Carleson measure in a continuously filtered probability space. His result 
corresponds to Corollaries 13.31 and 13.41 While he only treats a probability space, we treat a 
cr-finite measure space. Notice also that his Carleson measure definition uses any stopping time 
whereas our definition uses only a special type of stopping times. 

Long treats the Carleson measure in a discretely filtered probability space and proves 
the Carleson embedding theorem. His result can be regarded as the discrete version of the 
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result in Arai [1 . He treats all (J-'i) jg2-nieasurable functions in his formulation of the Carleson 
embedding theorem and Theorem 13. II is similar to it in this respect. 

The work of Blasco and Jarchows [3] investigates the Carleson measure on 5, i.e., a finite 
positive Borel measure ^ on D such that, for given values of < p,q < oo, the embedding 

: HP{D) L'^{D,iJ,) exists. Here, D is a unit ball in the plane and 75 is a closure of the 
unit ball. Our theorems in this section which treat different exponents p, q are the analogues 
of their results in a setting of a filtered measure space. 

Theorem 13. II corresponds to [HI Theorem 7.3.5.] which is the Carleson embedding theorem 
for functions in the half space. Theorem 13.11 (.resp.. [I3j Theorem 7.3.5.]) treats arbitrary 
measurable functions instead of martingales (,resp., harmonic functions). 

Throughout this section we let {ft,J-,fj,; {J-i)i^z) be a o--finitc filtered measure space. We 
also let /i, j S Z, be an J^^-measurable nonnegative real- valued function and Vi be a measure 
on Ti. Set a maximal function of / = (fi) by /* :— supj fi. 

Theorem 3.1. Let 6 > 1 be arbitrarily taken and be fixed. Then the following conditions are 
equivalent: 

(i) There exists a constant Cq > such that 

j>i 

for any E d J-i, i £ Z; 

(ii) For "any" p £ (0,oo) there exists a constant Cp > such that 



E / ffdi^X <Cp\\f*\\L 



(iii) For "some" pq £ (0, oo) there exists a constant Cp„ > such that 

1 



E / fr'dj^A <Cpjf*\\LPoid,)- 



Moreover, the least possible Cq and Cp enjoy 

Cp<(Co0)3^, Co<Cf. 

Proof. By a standard limiting argument, we can replace Z by N. Hence we consider fi, i <E N, 
and Vi, i G N. 

(i) (ii) For A > we set F ^ {f* > A} and F, = {f^ > X},ie N. Then we have F = |J F^. 

i 

We define a stopping time r by 

T := inf{i : fi > A}. 

Using this, we set 

G. = {r = ^} 

i 

for z e N. Then we easily see that Gi's are disjoint and that F^ C [J Gj. Hence, we have 

j=o 

F=[jG.. 

iGN 

We define a measure space {Q x N, Q, v) by the following: 
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(1) g is generated by {{i} x -Fi)igN; 

(2) l^\{^}xJ^. = I'l- 

We can easily see that there exists a unique measure on Q satisfying (2). We regard / = (/i) 
as a function on x N. Then we see that / is a fj-measurable function on i7 x N. 

We estimate > A}) from above by > A}) as foUows: 

i i \Q<j<i J j i>j j 

< Co (^E^(G^)j ^ (V^') " " ^ 

where we have used the assertion (i) and the fact that 9 > I. Thus, we obtain 
1 



p9 



fPUiy^ / AP«-V({/>A})dA 

SlxN Jo 



< Co / XP'-'fiHr > X}f - Co / (AV({/* > A}))'-^ (Af-V({r > A})) dX 

Jo Jo 

< ^wrrU,, -v I A^-v({r > ad^a = fuxl^.jnu,,, 
— ^ II f * iip^ 

where we have used Chebyshev's inequahty. Taking — th power in both sides, we obtain 



Ey^/f'^^O <{Coe)^\\rU.(d,y 



Hence we obtain the assertion (ii). 
(ii) =^ (iii) Obvious. 



(iii) ^ (i) It suffices to take /- 



for i < i, 
1 E for j > i. 



This completes the proof. □ 

Remark 3.2. Let 9 > 1. Let a sigma-algebra on f2 x Z be generated by {{i} x Fi)ii=.z. We 
call a measure v which is defined on (51 x Z, f/) a 0-Carleson measure on f2 x Z if i^i := i'\^j^^y^jr. , 
I £ Z satisfy the condition (i) in Theorem 13.11 We call the infimum of Cq in (i) in Theorem 
13.11 the 0-Carleson measure norm of v. It is easy to see that the condition (i) in Theorem 13.11 
is equivalent to 

(3.1) sup^({r < oo})"'^ v{{{uj, fc) e O X Z : k> t{lo)}) < oo, 

r 

where r runs through all stopping times where /^({t < oo}) is nonzero and finite, and that 
0-Carleson measure norm of f is equal to this quantity. The concept of a "6'-Carleson measure" 
was first introduced by [DISS] using (|3.ip as a definition when 9 = 1. 

Thanks to Doob's maximal inequality, we have the following corollary of the theorem. 

Corollary 3.3. Let {fi)iez be a martingale on {Q,J^,ii) and 9 > I be arbitrarily taken and be 
fixed. Then the following conditions are equivalent: 
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(i) There exists a constant Cq > such that 

Y,v,{E)<Coh{EY 

j>i 

for any E g J^i, i g Z; 

(ii) For "any" p S (1, oo) there exists a constant Cp> such that 

-'Po 



(iii) For "some" po G (l,oo) there exists a constant Cp^ > such that 



E / \hr'duA <Cp„ sup 11/41 



Moreover, the least possible Cq and Cp enjoy 

Cp<C{Co6)^, Co<Cf. 

We have another corollary, where we only consider martingales consisting of the conditional 
expectations of a function. 

Corollary 3.4. Let 6 > 1 be arbitrarily taken and be fixed. Then the following conditions are 
equivalent: 

(i) There exists a constant Co > such that 

j>i 

for any E G J^i, i G Z; 

(ii) For "any" p e (1, oo) there exists a constant Cp> such that 

LP{dn)'i 

(iii) For "some" po G (l,oo) there exists a constant Cp^ > such that 

E / mr'duA <Cpjf\\ 

Moreover, the least possible Co and Cp enjoy 

Cp<C{Coe)^, Co<Cf. 

We next consider the Carleson embedding theorem for the case q <p. 

Theorem 3.5. LetWi, i €Z, be an Ti-measurable nonnegative real-valued function andw G 
be a weight. Suppose that i belong to the class £+. Let 6 > 1 be arbitrarily taken 
and be fixed. Then the following conditions are equivalent: 

(i) There exists a constant Co > such that 



<Co; 

LD^wdn) 
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(ii) For "any" q G (0, oo) there exists a constant Cq > such that 

/ w^f^d^J,] < Cg||/*||i,9(^d^); 

(iii) For "some" qo S (0,cx)) there exists a constant Cq^ > such that 



\L''oO{wdfj,)- 



Moreover, the least possible Co and Cq enjoy 

1 

Cq < Cq , Co < CCq . 

Proof, (i) ^ (ii) It follows that 

By a simple limiting argument, if necessary, we can assimie that /j is a bounded function. 
Then, since -pr^ff is an .Fj-measurable function and belongs to the class £+, 



q 



dfj, 



< 



Holder's inequality with exponent 6 gives 



sup/j ) wdfi. 



< 



This yields the assertion (ii) with Cq < Cq . 

(ii) (iii) Obvious. 

(iii) (i) It follows that, for nonnegative g € L^{wdjj) D L°°{wdij), 

I [^T^] 9wdn = ^ I ^gw dfi 



£iW J 



10 



dfi 



<Ca. 



sup 



£iW J 



90 



< CCqg \\g\\L^{wdiJ.), 



Lio<){wdn) 



16 



H. TANAKA AND Y. TERASAWA 



where we have used the assertion (iii) and Doob's maximal inequahty. By a hmiting argument 
and duahty we must have 



. £^W 



< cc, 



qo ■ 



L^' (wdfj,) 



This yields Cq < CCqg and completes the proof. 



□ 



Corollary 3.6. Let Wi, i E Z,, be an J- i -measurable nonnegative real-valued function and 
w G be a weight. Suppose that — — , i e Z, belong to the class £+. Let < q < p < oo and 
1 < p < oo . Then the following conditions are equivalent: 

(i) For — = there exists a constant Ci > such that 

r q p 



(ii) There exists a constant C2 > such that 



Moreover, the least possible Ci and C2 are equivalent. 



Proof. It suffices to notice Doob's maximal inequality and fact that 

1 1 _ A q\l_p-q_l 

(p/q)' q \ p/q pq r' 



□ 



4. Two-weight norm inequalities for generalized Doob's maximal operator 

In this section, by the use of the Carleson embedding theorem, we give a simple proof of 
the analogue of Sawyer's theorem [44] characterizing the weights governing the two-weight 
strong-type norm inequality for generalized Doob's maximal operator Mq,. The following is the 
analogue of Sawyer's theorem in a martingale setting. 

Theorem 4.1. Let I < p < q < 00, ai, i G be a nonnegative bounded Ti- measurable 
function and u,v G be a weight. Then the following statements are equivalent: 

(a) There exists a constant Ci > such that 

\\Maf\\Li(udfj.) < Cl||/llLP(i;dM); 

(b) If (T = v^^P G then there exists a constant C2 > such that 

^sup ajfjcr^ ud/i^ < C2[o'dii]{E)p 

for any E G , i G Z. 
Moreover, the least possible Ci and C2 are equivalent. 
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Proof. We follow the argument in [5]. 

The proof of (a) (b) follows at once if we substitute the test function / = l^jtr. We shall 
prove converse. 

Without loss of generality we may assume that / is a nonnegative function. For j G Z define 
a stopping time 

Tj inf{i : a,£J > 2^}. 

Clearly, tj < Tj+i. If we let 

Fj := {— oo < Tj < oo} \ {— oo < Tj+i < oo}, 
then we see that Fj^s are disjoint and 

{Af„/>0} = U^;. 

j 

We now set 

Ej:^F,n{T,^^. 
It follows that Eys are disjoint, Fj = (jE'j and, if E'^ ^ 0, then 

i 

M^f ^ a,£d on E]. 

We now estimate as follows: 



f {M^fyudfi^y^ f {M^frudfi<cy2 f {a^sjyudfi 



1 



u dfj,. 



O' CO 

Since - — — t° 



we shall evaluate 



r #1 \ 9 

u dfi. 



Applying the Carleson embedding theorem (Corollary [3^, we need only verify that there exists 
a constant C > such that 



E / {J2^Eii»M'']^d^,<c[ad^i]iEy^ 



holds for any E ^ Fi, i ^1. The fact that E^s are disjoint and the assertion (b) yield 
/ '^^'^^l^jipijSjaYudp, < I ( sup ajfjCT I udp, < C[cFdii\{E)p . 

JE -y- J, JE \3>i J 

This completes the proof. □ 



The following lemma was proved in [5J Theorem 1]. For the sake of the completeness the 
full proof is given here. 

Lemma 4.2. Let 1 < p < oo, w G be a weight and a — w^~p G . Then the following 
statements are equivalent: 
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(a) There exists a constant Ci > such that 

(b) There exists a constant C2 > such that 

/ ( supfjcr I wdfi < C2 [(Td^](i?) 
Je \]>i ) 

for any E G , i G Z. 
Moreover, the least possible C'l and C2 enjoy 

Ci<Cf, C2<CC[^. 

Proof. Proof of (b) => (a). It follows that, for any E £ J^f , i e Z, 



{£iw){£ia)P dfj, ^ / £[{£i(j)'''w] dfi ^ / {£iaYwd^< / (supfjcrj w d^ 
E Je Je Je \j>i J 

<C\\ a d[i = \ £i(7 dfi. 
Je Je 

This implies 

{£^w){£,ay < CP£,a 

and, hence, yields (a) with Ci < . 

We now verify converse (a) (b). By the assertion (a) we have 

i£^a)P < CU£^w)-P' = C{ {£T[w-^]Y ■ 
This yields, for any E e T° , i e 'Z, 

/ I sup fjcr I wdfi<Ci / 1_B I supf™[?i'~^] I wdfi^ / I supfj"[l_BW~^ 
Je \j>i J Je \j>i ) Je \j>i 

< CC{ [ w^-P' dfi, 
Je 

where we have used Doob's maximal inequality. Thus, we obtain 

/ f sup £ja] wdfi< CCl [crd/i] {E) 
Je \j>i J 

1 

and have (b) with C2 = Cf^^ . This proves the theorem. □ 

Corollary 4.3. Let 1 < p < 00, ai, i e Z, be a nonnegative bounded J-i-measurable function, 
u,v G be a weight and a = v^^p G . Then, two-weight norm inequality 

\\Maf\\LP{udfi) < Cl||/llLP(t)dAi) 

holds "if and only if" there exists a constant C2 > such that 



p 

w dfj, 



£, 



s\xpai£ja ) u 



< CP£^a. 



for any i £ "L. Moreover, the least possible Ci and C2 are equivalent. 

Remark 4.4. Long and Peng [37' showed that Corollarv l4.3l holds for Doob's maximal operator 
in a filtered probability space. (See also a recent work by Chen and Liu [?]■) 
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Corollary 4.5. Let 1 < p < oo, w G be a weight and a — ^ G C'^ . Then, one-weight 
norm inequality 

\\f*\\LP{wdfi) < Ci\\f\\LP{wdfj.) 

holds "if and only if" 

sup II (fiW)(f iCr)P"^ II L^(d^) < C2 < OO 

iez, 

for any i lE 1j. Moreover, the least possible Ci and C2 enjoy 

C2<Cf, Ci<CC't~\ 

Remark 4.6. For the weights with some regularity condition, Izumisawa and Kazamaki 
[24] proved first that Corollary 23] holds in a filtered probability space. Jawerth 25 found that 
the added property is superfluous. 

5. One-weight norm estimates of Hytonen-Perez type for Doob's maximal 

operator 

In this section, by an application of Theorem 14.11 we will sharpen Corollary 14.51 following 
the argument due to Hytonen and Perez (see [T51 1^ ). 

Let \ < p < oo, w E be a weight and cr := w^^^ e £+. We define 

[w\Ap ■■= sup ||(fiW)(£:jCr)^'"^||i=(d^) 

and define 

[w\a^ sup ||(£:,w)exp(-£j(logw))||^^(^^) . 

Then, one sees that [wj^i^ < [w\ap for 1 < p < 00 and, using the dominated convergence theo- 
rem for conditional expectations, one sees also that {£iaY~^ converges a. e. to exp (— fi(log w)). 

Corollarv l4.5l assert that there exists a constant Cp > such that 

1 

\\{■)*\\Lp(wd^l)^Lv(wd^i) < C'pNlp' ' 
where C„ depends on p but not on w. Since \w\a„ = [c] 4"^, we have 

1 

(5-1) \\{-y\\LP{wd^i)^LP{wdt,) < Cp (NApMa^,) " . 

The following theorem sharpens (|5.ip . 
Theorem 5.1. 

\\{-y\\LP{wd^L)^LPiwdii) < Cp {[w]Aj,[cr]A^) " , 

where Cp depends on p but not on w. 

Proof. Let « G Z be arbitrarily chosen and fixed. By Theorem 14.11 we have to prove that , for 
any E G Tf, 

||l£;sup£:jcr||^p. ^ . < C[w]A^[(j]A^[crdij]{E). 
Let us now apply the construction of principal set as follows. 
Since we have 

\\lESUp£ja\\l^^^^^^ = l|lBSUpfj[lBCr]||^p(^^^), 

we may assume that E — Pq satisfies Pq G J-^*, P^iPo) > and, for some fc G Z, 

2^-ilp„ <£^[lp„a] <2np„ 
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by a simple dyadic decomposition argument. We write ki{Pq) '■— i and ^2(^0) •= We let 
Vi := {Pq} which we call the first generation of principal sets. To get the second generation of 
principal sets we define a stopping time 

rPo :=infO>z: S,[lp,a] > 2''+Hp,}. 

We say that a set P C Pq is a principal set with respect to Pq if it satisfies > and there 
exist j > i and I > k + 1 such that 

P = {2'-Hp„ < £,[l[r^^-,ya] < 2'lpJ. 

Noticing that such j and I are unique, we write ki{P) := j and K2{P) '■= I- We let V{Pq) be 
the set of all principal sets with respect to Pq and let P2 := ViPo) which we call the second 
generation of principal sets. 

We now need to verify that 
(5.2) ^l{Po) < 2/i(£;(Fo)) 

where 

E{Po) := Po n {tp„ = 00} = Po \ U P 

Pev(Po) 

Indeed, it follows from the use of weak-(l, 1) boundedness of Doob's maximal operator that 
^(Po n {tp„ < 00}) < 2-^-^ / ad^i^ 2-^-^ / £,a d^i < 2-V(^o)- 

J Po J Po 

This clearly implies (|5.2p . 

The next generations are defined inductively, 

P„+i:= y P(P), 

and we define the collection of principal sets P by 

00 

V :=\J Pn- 

It is easy to see that the collection of principal sets V satisfies the following properties: 

(i) The sets E{P) where P e P, are disjoint and Pq = (J P(P); 

Pe-p 

(ii) P e J'ki(p); 

(iii) ti{P) < 2^x{E{P))■, 

(iv) 2'^2(^)-i < £:«,,(p)cr < 2'^2('P) on P; 

(v) s\xv£j[lp(j] < 2''^(^)+i on E{P). 

j>i 
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We estimate as follows: 
(*) := \\lp,sup£j[lp,a]\\l,^^^^^ 



= J2 \\^E{P) sup £j[lp,a]\\l,^^^^^ 



Pev Pev 

p^-p J E(P) P^V 

PeP "'^ 

where in the last two steps we have used E{P) C P and (ii). The definition of Ap and (iii) 
yield 

(*) < A^[w\a, J2 
Per 

Since the definition of A^o and (iv) imply 

2«^(^) < 2£:,,(p)a < 2[a]A^ exp (£:,,(p) log a) on E{P), 
we have further that 



p^-pJE(P) j>i 

= 2-AP \w\ A^ \o\ A^ / sup exp {£j [log Ip^ cr] ) d/x. 

JPo j>i 



'Po J; 

For any g > 1 wc have 

cxp(£:j[loglpocr]) = |cxp (^£j[log(lp„(T)^]^|'' < (£:j[(lpoC7)^]y 
by Jensen's inequality for conditional expectation. This yields 

supexp(f,[loglp„(T]) < i?,Mp£j\{\p^a)-^\ \ . 

j>i \j>i / 

Finally, Doob's maximal inequality gives us that 

{*)<2-AP[w]AMAM>dti]{Po). 

Letting g — >■ oo, we obtain 

{*)<2-AP[w]AMAooeHfi]{Po). 
This completes the proof. □ 
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